There is a growing need to connect renewable energy systems (REs), such as photovoltaic systems (PVs), to the power grid for solving environmental problems such as global warming. However, an electricity grid with RE is vulnerable to problems of power shortage and surplus owing to the uncertainty of RE outputs and grid failures. Energy storage systems (ESSs) can be used to solve supply reliability problems, but their installation should be minimized considering their high costs. This study proposes a method to optimize the allocations of PVs and ESSs based on vulnerability analysis, and utilizes our proposed concept of "slow" and "fast" ESSs, which can reflect the influences of both uncertainties: PV outputs and grid failures. Accordingly, this paper demonstrates an optimal allocation of PVs and ESSs that minimizes the amount of ESSs while satisfying the PV installation target and the constraints on supply reliability indices for power shortage and power surplus in the event of a grid failure.
Introduction
Grid operators require electric power systems with high fault tolerance because grid failures could have a severe impact from technical and economical viewpoints. Moreover, the importance of fault tolerance has been rising as the uncertainties in power systems become more significant. One of the causes of uncertainties is the increased installation of renewable energy systems (REs) such as photovoltaic systems (PVs) and wind power systems, because the outputs of REs depend on the solar radiance or wind velocity. These uncertainties could cause both power shortages and surpluses in power systems, which render power systems unstable. Several methods have been proposed to overcome the constraints of power shortage and surplus. In this study, the installation of energy storage systems (ESSs) in transmission systems is considered. Using ESSs such as batteries and pumped storage power plants, the issues of power shortage and surplus can be addressed by discharging and charging, respectively. In particular, the alleviation of power surpluses is increasingly becoming important because the curtailment of outputs of REs might prevent the installation of a large number of REs.
Many studies focused on the allocation of distributed generators (DGs) including REs and ESSs because siting and sizing of DGs have a major impact on the stability of power systems. These studies covered a broad range of topics in terms of objective functions, constraints, algorithms, and problem settings. Our study focuses on a typical trade-off problem for grid operators to minimize the equipment latter approach, our previous research [10] employed a probabilistic evaluation of power shortages and surpluses caused by uncertainties, and proposed a framework to solve the optimization problem using probabilistic evaluations, using an algorithm called "block coordinate descent (BCD)," which divides the original problem into some blocks. In BCD, we determined variables adequately in each block, and obtained inverse functions for nonlinear constraints, which resulted in a simplified formulation. Simultaneously, new variables were introduced in this procedure, which are called as slow and fast ESSs, because the method not only divided the effects of means and variances, but also demonstrated the impact of grid failures mainly owing to slow ESSs. In order to verify the effectiveness of our proposal, we perform simulations on an IEEE reliability test system (RTS) [11] , which includes data of grid failures.
The major contribution of this study are as follows: (i) employing probabilistic indices including power shortages and surpluses under the contingencies, (ii) proposing the methodology to solve the large-scale nonlinear problem of allocations of PVs and ESSs using BCD, and (iii) obtaining new knowledges about the allocations of ESSs through the concept of "slow" and "fast" ESSs.
Optimal Allocation of PVs and ESSs based on Vulnerability Analysis
This section describes the proposed framework to determine the optimal allocation of PVs and ESSs based on vulnerability analysis. The proposed framework consists of two steps: vulnerability analysis using centrality measures (Section 2.1), and optimization of the allocation of PVs and ESSs considering grid failures selected in the first step (Section 2.2). The proposed framework is shown in Figure 1 
Vulnerability Analysis

Assumptions
This study considers several assumptions to simplify the analysis. First, we assume that only one grid failure occurs at once. This rule is known as "N-1 security", and widely used when we consider grid failures. Second, we only consider failures of transmission lines because a large number of REs is installed in power systems. Third, an electric power network is modeled as an undirected graph for vulnerability analysis. Specifically, this assumption converts generators and substations to nodes, and transmission lines and transformers to edges.
Centrality Measures
Many studies used centrality measures to perform the vulnerability analysis of electric power systems [12] [13] [14] , and this study applies two of them: degree centrality for nodes and betweenness centrality for edges.
The degree centrality for a node is the simplest form of centrality measures for networks. This measure indicates the connectivity of a node, i.e., the number of edges connected to the node, and can explain the risks of isolation of the node if it scores low. Equation (1) expresses the degree centrality for a bus, c deg i , using an adjacency matrix, a i,j which represents the graph topology.
where n B is the total number of buses in power systems. From the viewpoint of grid operators, it is important to consider additional investments on the bus with low c The betweenness centrality represents the influence of a node or an edge on the flow of information between nodes, especially in cases where information flow over a network primarily follows the shortest available path [15] . In particular, the betweenness centrality for an edge is utilized in the analysis of community structure [14] . Equation (2) shows the betweenness centrality for a transmission line, c bet l .
where γ i,j,l and γ i,j are the number of shortest paths between buses i and j including the lth transmission line, and the total number of shortest paths between buses i and j, respectively. It is known that a failure on an edge with higher c bet l could result in cascading failures [12] . Moreover, such a transmission line has higher risks of cascading failures if it is connected to a bus with lower c deg i . This is because other lines will be easily overloaded owing to the small degree of the node. Therefore, this study considers the following transmission lines to be vulnerable: a transmission line to a bus whose c deg i is equal to one, and a line with high c bet l connected to a bus with low c deg i . The former and latter correspond to the consideration of the isolation of a bus and cascading failures, respectively.
Optimal Allocation of PV and ESS Considering Uncertainties
This section describes an optimization problem to determine the allocation of PVs and ESSs considering the uncertainties. We formulate an optimization problem that does not include uncertainties in Section 2.2.1, and we extend this problem to a problem with uncertainties in Section 2.2.3, using the probabilistic indices described in Section 2.2.2. The solution is described in Section 2.2.4.
Optimization Problem without Uncertainties
This formulation is an expansion of multi-period optimal power flow (OPF) [16] , and can determine not only the grid operation, but also facility allocation. In order to simplify the problem, the transmission system is approximated as a DC circuit in which each bus has the same voltage, named as "DC-OPF" [17] . The time step for grid operation is assumed as 1 h. The deterministic optimization problem (DP) is formulated as follows:
Objective Functions min x cap ,x ope τ 8, 760
where
The decision variables of (DP) are x cap and x ope which are related to allocations and grid operation, respectively. Equation (3) is the objective function for optimizing the allocation of PVs and ESSs (C Vi and C Ei ) while minimizing the costs of facility allocation and grid operation. The first and second terms represent the investment costs of PVs and ESSs, respectively. These are converted to operating costs during the period, τ, after they are annualized from the prices of PVs and ESSs (p V and p E ). Here, r, y V and y E are discount rate, useful lifetime of PVs and ESSs in years, respectively. The third term indicates the costs of grid operation including the fuel cost of conventional power plants, such as thermal and hydro power plants. Here, P Gk,t is an output of the k th conventional generator running from 1 to n G , and p Gn,k is a polynomial coefficient of the n th term in a fuel cost function of the kth generator.
Constraints
-Installation target of PVs in the grid:
where C tar V is installation target of PVs.
-Supply-demand balance that considers the PV outputs:
P Ni,t indicates mismatch of power demand and supply in bus i at t, and the negative and positive values of P N denote power shortage and surplus, respectively. P Ni,t consists of the following terms: the total output of conventional generators in each bus (P bus Gi,t ), an output of PV per unit (P unit Vi,t ) , a scheduling of slow ESSs (P Ei,t ), inflow/outflow power (P Li,t ), and an electricity demand (P Di,t ).
-Limitation of shortages and surpluses:
where α NSi,t and α NUi,t are upper limits of power shortages and surpluses for 1 h in bus i at t, respectively.
-Output of conventional power plants in each bus:
P bus Gi,t is converted from P Gk,t by using a generator connection matrix and its (i, j) th element, A gc and a -Limitation of output of conventional power plants:
Equations (8) and (9) represent the upper and lower limits of generator output (P max Gk and P min Gk ), and the upper and lower limits of the rate of change of generation (∆P Gk ), respectively.
-Relationship between the phase angle in a bus and the transmission power:
Θ i,t denotes a phase angle in bus i at t, and B i,j is susceptance between buses i and j, using a DC approximation.
-Limitation of transmission capacity:
where P max Lij is a capacity of transmission line between buses i and j.
-Relational expression for charging/discharging and state of charge:
where S i,t is a state of charge of slow ESSs in bus i at t.
-Limitation of state of charge:
where C Ei is a capacity of slow ESSs. The above problem (DP) is formulated as a quadratic programming problem, because the objective functions are quadratic and the constraints are linear based on the assumption of a DC circuit. Moreover, the PV outputs are considered deterministic in this step. Notably, this problem can handle the operation for a designated duration by choosing τ adequately, but we assume that it focuses on the operation for 24 h, namely τ = 24.
Probabilistic Indices of Power Shortage and Surplus
This section describes the probabilistic indices representing the shortages and surpluses used to formulate the problem with respect to PV output and grid failure uncertainties.
First, we describe the indices related to uncertainties in the PV output. P is set as shown in Equation (14), which is derived from Equation (5) with uncertainties in PV outputs.
where x denotes an estimated value of stochastic variable x.
In order to simplify the modeling of the indices, we assume that the PV output for 1 h follows a Gaussian distribution, The use of other kinds of probability distributions is reserved for future work.
Consequently, mean value and standard deviation of PV output,P and σ P , are modeled as expressed in Equations (15) and (16), respectively.
where σ unit Vi,t is the standard deviation of PV outputs per unit. Using this assumption for the probability density function, two probabilistic indices are formulated: EENS [8] and expected energy not used (EENU) [18] . The former measures the incidence of power shortages, and the latter is a metric for power surpluses. Equations (17) and (18) express the formulation of EENS and EENU, g NSi,t and g NSi,t , as the expectation of power shortages or surpluses given the inherent uncertainties, respectively. These indices are introduced as constraints in our optimization problem that considers uncertainties.
where q(·) is the probability density function of Gaussian distribution, and z i,t can be expressed as Equation (19) . Here, erf(·) denotes the error function.
Subsequently, we derive the composite probabilistic indices of PV outputs and grid failures. We assume that EENS, considering both PV outputs and grid failures, is calculated as expressed in Equation (20) because these two events are not correlated. This formulation also applies to EENU.
where q Fm is a probability of the m th grid failure, and g NSi,t,m is the EENS calculated under the m th failure. This model increases the priority of a failure with higher probability. Notably, the duration of each failure is not considered in this model because it is different from the optimization problem.
Optimization Problem with Uncertainties
This section describes an optimization problem to determine the facility allocation, including uncertainties in PV outputs and grid failures.
Since the EENS and EENU constraints are deterministic in terms ofP and σ V based on Equations (17) and (18), the optimization problem with uncertainties, stochastic programming (SP), is formulated as an one-stage problem:
Notably, all the decision variables except C Vi are optimized under the mth failure, such as P bus Gi,t,m . This is because the outputs in PVs are not controlled by grid operators after C Vi is determined, and also because the grid operations such as ESSs depend on each failure.
The objective function as shown in Equation (21) is the sum of the following four terms:
-Investment costs of PVs and ESSs:
-Fuel costs of conventional power plants:
-Penalty costs of violated EENS and EENU:
where ρ N is a penalty term for the violation of constraints of EENS and EENU.
Constraints
-Supply-demand balance that considers the expectation of PV outputs:
-Limistations of EENS and EENU:
-Others: Equations (4) and (7)- (13). We must introduce the variables of relaxation of power shortages and surpluses, α rel NS and α rel NU , into these equations to tackle the conditions with no feasible solutions when both constraints of EENS and EENU are employed.
Moreover, Equations (27) and (28) represent the constraints of EENS and EENU for each case of failure, α NSm and α NUm , but it is necessary to set those upper limits in bus i at t for 1 h under the mth failure, α NSi,t,m and α NUi,t,m . Therefore, we consider three assumptions in order to set the upper limits of power shortages and surpluses based on the upper limits of EENS and EENU in total determined by the grid operators, α NS and α NU . The first assumption is that all the failures have an equivalent priority although we can assign each priority by setting α NSm and α NUm adequately. The other two assumptions are that there are no power shortages and surpluses in buses without demands, and the same upper limits of power shortages and surpluses exist for all buses and times. Based on the above assumption and Equation (20) , α NSi,t,m is calculated as expressed in Equation (29). This formulation also applies to EENU.
where n D is the total number of demands in power systems, and D is a set of buses with demands. Thus, Equations (27) and (28) can be written as Equations (30) and (31), respectively.
Solving Procedure
In order to solve the problem (SP), we employ the BCD method. We derive a two-stage optimization problem in (SP-1) and (SP-2) solved alternately. The optimized variables derived from a sub-problem are used as parameters in another sub-problem, and vice versa.
Equations (7)- (13), (22) -(25)
Equations (4), (22)- (25), (30), (31) When we divide the problem (SP) into two sub-problems under this condition, the convergence of (SP) is guaranteed by the results of [19] .
In order to accelerate the process of solving (SP-1), we rewrite Equations (34) and (35) as linear constraints Equation (38), using the inverse functions of EENS and EENU. Thus, g
NUi,t,m (σ * P , α NU + α rel * NU ) are used as parameters when C * V is determined.
Based on the above optimization method, it is possible to minimize the amount of relaxed EENS and EENU, especially for problem (SP-2). However, it is impossible to achieve the facility allocation that satisfies the constraints of power shortages and surpluses, which is essential for the actual operation of electric power grids. Therefore, we introduce another class of ESS, the "fast" ESS, instead of relaxing EENS and EENU.
Equations (39) and (40) show that two terms can be separately extracted from the inverse functions of EENS and EENU: the upper limits of EENS and EENU, and the relaxed EENS and EENU.
The new variables, P fs Ei,t,m and P fu Ei,t,m , restrain power shortages and surpluses caused by sudden changes in power supply and demand. Thus, these variables can be regarded as "fast" discharging and charging in ESSs, and we refer to these as "fast" ESSs for shortages (P fs Ei,t,m ) and for surpluses (P fu Ei,t,m ). In order to simplify the problem, we assume that fast ESSs for shortages and surpluses can only discharge and charge, respectively. Based on this assumption, the required capacities of fast ESSs, C fs Ei and C fu Ei , can be easily determined, as expressed in Equations (41) and (42).
In order to distinguish conventional ESSs (P Ei,t , C Ei ) from fast ESSs, we refer to those ESSs that are included in the case wherein uncertainties are not considered as "slow" ESSs. This is because slow ESSs can decrease the mean mismatch of power demand and supply,P N , as expressed in Equation (33).
Finally, the sizes of slow and fast ESSs should be determined in bus i, considering the optimized sizes under the m th failure, C Ei,m , C fs Ei,m , and C fu Ei,m . Equation (43) provides the size of a slow ESS in bus i, and this formulation can be applied to fast ESSs because it is evident that all the constraints are satisfied when we install ESSs larger than the optimized sizes.
In summary, we determined the optimal allocation of PVs, slow ESSs, and fast ESSs for shortages and surpluses.
Modeling
Power Systems
We use the IEEE RTS [11] as a grid model of power systems, shown in Figure 2 . RTS is a useful model for quantifying the fault tolerance of a power system as it contains the fault probabilities and fault durations of generators and transmission lines. 
Conditions of Grid Operation
This research determines the allocation of installed PVs and ESSs for long-term. Hence, it is necessary to consider long-term changes in electricity demand and PV outputs. Moreover, it is important to consider the most severe cases of shortages and surpluses. In order to determine the allocation of facilities, we focus on grid operation for a day during which the most surplus occurred, the demand was low, and the PV output was high, because ESSs are necessary mainly to restrain power surpluses. We consider the demand on the 266th day in IEEE RTS as the minimum demand. Moreover, this research models PV outputs using actual solar irradiation data published by AMATERASS [20] , and the PV output on June 2015. Figure 3 shows the mean value,P unit Vi,t , and standard deviation of PV output per unit on the date of interest. 
Parameter Settings and Data
The installation target for PVs C tar V was set to 1022 MW considering 30% of the peak demand of RTS. The upper limits of both EENS and EENU, α NS and α NU , were set to 100 MWh/day. Note that grid operators can freely determine their requirements.
The prices of the PV and ESS, p V and p E , were 1.77 million $/MW [21] and 0.50 million $/MWh [22] , respectively. This study assumed that the useful lifetimes of the PV and ESS, y V and y E , are 15 years and 10 years, respectively, and that the discount rate is 5%, even though they depend on several conditions. The penalty term for the amount of violated EENS and EENU, ρ N , should be the same as p E , the price of ESSs, because the relaxations of EENS and EENU play the same role as ESSs. Refer to [11] for other grid parameters, such as p Gn,k .
In addition, the stopping criteria of the nonlinear optimization, the number of maximum iterations, was 300. This value was employed not only in the nonlinear programing for (SP) and (SP-2), but also in the BCD method, which is the repetitive optimization between (SP-1) and (SP-2). Moreover, all the simulations in Section 4.2 are carried out on a computer with Intel(R) Core(TM) i7-6700 CPU 3.40-GHz and 32.0 GB of RAM, using MATLAB (2017a, The MathWorks, Inc., Natick, Massachusetts, MA, USA) and Matpower (Version 4.1, Power System Engineering Research Center (PSERC), USA) [23] .
Simulation Results
This section describes the simulation results using benchmark power systems such as IEEE RTS, and thus, we verify our framework. Figure 4 illustrates the IEEE RTS as an undirected graph consisting of 24 nodes and 34 edges, not 38 edges as shown in Figure 2 . This is because we treat multiple edges incident onto the same two nodes as a single edge for the purpose of analysis [24] . This graph represents both degree and betweenness centrality measures using the colors of nodes and the widths of edges, respectively. The edge betweenness centrality and the probability of failure in each transmission line are also presented in Table 1 , calculated using Equation (2). Degree Centrality: Further, we determine the candidates of failures as described in Section 2.1.2. From the viewpoint of avoiding the isolation of a bus, it is evident that bus 7 is vulnerable owing to transmission line failures because the degree centrality is equal to one. Therefore, we handle the transmission line between buses 7-8. From the viewpoint of preventing cascading failures, the candidates of grid failures are as follows: transmission lines between buses 11-14, 14-16, and 15-24 because these are lines with high c bet l connected to buses with low c deg i , as presented in Figure 2 and Table 1 . Notably, we exclude the edge between buses 3-24 from the candidate because it works as a transformer, and our model cannot consider the influence on voltages. In total, we consider four transmission line failures: lines between 7-8, 11-14, 14-16, and 15-24, which are set as the indices of failure, m = 1, 2, 3, 4, respectively. This section describes the simulation results for the optimal allocation of PVs and ESSs without grid failures. Figure 5 shows the allocation of PVs and ESSs, C Vi , C Ei , C fs Ei , and C fu Ei . The total capacity of PVs, ∑ n B i=1 C Vi , was 1,022 MW, thus satisfying the target. The PVs were almost evenly allocated to each bus except buses 11, 12, 17, 21, 22, and 23, because no shortages and surpluses are allowed in these buses, which do not have electricity demands. The slow ESSs were allocated to each bus evenly because the power shortages and surpluses caused by the PVs were distributed. One reason for this strategy is that the upper limit of power transmission in each line is relatively moderate, and the other is that transmission losses are not calculated in the optimization problem. Both fast ESSs for shortages and surpluses were allocated to buses with smaller PVs because the degree of uncertainty of PV outputs was smaller than that of the other buses. Moreover, the number of fast ESSs allocated for surpluses was larger than those for shortages because we focused on the most severe cases of surpluses. 
Results of Vulnerability Analysis
Case 2: With Selected Failures
This section describes the allocations of PVs and ESSs considering grid failures selected in vulnerability analysis. Figure 6 represents the allocation of PVs and ESSs considering failures. The sizes of slow and fast ESSs shown in Figure 6 are determined using Equation (43). The total capacity of PVs was 1022 MW, thus satisfying the target. The tendency of allocation of PVs and ESSs was similar to Case 1, except for bus 7. Figure 7 shows the optimized allocations of slow and fast ESSs under each failure, C fs Ei,m and C fu Ei,m (m = 1, 2, 3, 4). First, the allocation of PV, slow ESS, and fast ESS for surpluses in bus 7 resulted from a failure between buses 7 and 8 (Failure m = 1). When bus 7 is isolated, slow ESSs must be installed in bus 7 to supply electricity at night because no conventional generator is connected to bus 7, which has electricity demands. Moreover, PVs should be installed in order to reduce the number of slow ESSs installed because PVs can supply electricity in the daytime. Simultaneously, the installation of fast ESSs should be minimized when PV is installed in order to reduce the number of slow ESSs installed. Consequently, only the constraint of surpluses was relaxed because more surpluses occurred, which indicates that only fast ESSs for surpluses were allocated. Second, the allocation of fast ESSs for shortages in bus 7 resulted from a failure between buses 15 and 24 (Failure m = 4). Compared with the case of Failure m = 1, the results of allocation were similar for the other three failures, but the difference in failure probability had an impact on the total size of allocated ESSs, as presented in Table 2 . The sizes of installed ESSs in the case of Failure m = 4 were larger than those in the cases of Failures m = 2 and m = 3, which have a similar tendency, because the failure probability of Failure m = 4 was higher than that of others. Consequently, more fast ESSs were required to restrain shortages and surpluses owing to the more severe upper limits of EENS and EENU.
Third, however, the allocation results could not consider the impact of cascading failures caused by the failures. The major reason was that the upper limits of power transmission in these lines were relatively moderate, and consequently, an overload on transmission lines did not occur. Furthermore, the model of betweenness centrality used in this work did not consider the transmission capacity. Employing modified centrality measures will be our future work. To investigate the robustness and effectiveness, this section describes the simulation results by a comparison method with grid failures. The employed comparison method is to solve the large-scale nonlinear problem (SP) directly without dividing into two blocks.
Although to perform the simulations with four contingencies was tried, that couldn't be solved in our environment (See Section 3.3) due to the size of problem (SP). Therefore, the allocation results considering only one fail m = 1 was shown in Figure 8 .
The total capacity of PVs, ∑ n B i=1 C Vi , was 1022 MW, thus satisfying the target. The sizes of installed slow, fast for shortage, fast for surplus ESSs were 574 MWh, 1308 MWh and 3143 MWh, respectively. The total size of ESSs was 5026 MWh.
The tendency of allocation of PVs and ESSs was similar to Case 2, but the sizes of ESSs was increased rather than the result considering failure m = 1 in Case 2. Moreover, the PVs were not evenly allocated to each bus except buses 11, 12, 17, 21, 22, and 23, which resulted in the larger sizes of slow and fast ESSs. Notably, the PV was not allocated in bus 7 because this simulation considered only one failure m = 1.
The reason of the increased ESSs was because the optimization was interrupted due to the number of maximum iterations before the convergence conditions were satisfied. It is clear that this was caused by the size of the problem (SP). As a result, it was verified that the proposed optimization scheme using the BCD method had the advantages in solution of the problem (SP).
Conclusions
For the development of resilient power systems under uncertainties, this research proposed a framework to determine the optimal allocations of PVs and ESSs in a power grid considering grid failures and uncertain PV outputs. The first step was to perform vulnerability analysis on the power system in order for decision makers to identify points with higher risks. We employed two centrality measures: degree centrality of nodes and betweenness centrality of edges from the viewpoint of the isolation of an area and cascading failures, respectively. The second step was to determine the allocation of PVs and ESSs considering the candidates of grid failures derived from the vulnerability analysis. We formulated the optimization problems based on the concept of "slow" and "fast" ESSs, which can play different roles in the analysis of uncertainties. Consequently, we derived the optimal allocations of PVs and ESSs under the uncertainties including the selected grid failures and PV outputs, and especially, slow ESS reflected the influences of grid failures.
Our future work will employ other centrality measures that can consider the configuration of power systems such as the capacity of a transmission line. Furthermore, other types of probability distributions will be considered when evaluating the probabilistic indices. Moreover, the formulation in this study utilized DC-OPF, which cannot consider a variation of voltages and transmission losses; however, our future work will extend the formulation to one with AC-OPF, which can introduce the above conditions. This future work will facilitate the solution of similar optimization problems in not only transmission systems, but also distribution systems. Author Contributions: All the authors contributed equally to the design and writing process of this publication.
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Abbreviations
Indices and Sets:
i Index of buses, running from 1 to n B l Index of transmission lines, running from 1 to n L k Index of conventional generators, running from 1 to n G m Index of grid failures, running from 1 to n F t Index of time, running from 1 to τ B Set of buses in power systems G Set of conventional generators (i ∈ G ⊆ B) D Set of buses with demands (i ∈ D ⊆ B)
Decision variables:
Output of the k th conventional generator at t P bus
Gi,t
Total output of conventional generators in bus i at t C Vi Capacity of PVs in bus i C Ei
Capacity of slow ESSs in bus i at t C fs Ei , C fu
Ei
Capacity of fast ESSs for shortages and surpluses in bus i at t, respectively P Ni,t Mismatch of power demand and supply in bus i at t P Ei,t
Scheduling of slow ESSs in bus i at t P fs Ei,t , P fu
Ei,t
Scheduling of fast ESSs for shortages and surpluses in bus i at t, respectively P Li,t Inflow/outflow power in bus i at t Θ i,t
Phase angle in bus i at t S i,t
State of charge of slow ESSs in bus i at t α rel NSi,t , α rel
NUi,t
Relaxation of power shortages and surpluses for 1 h in bus i at t, respectively Number of shortest paths between buses i and j including the l th transmission line γ i,j Total number of shortest paths between buses i and j p Gn,k Polynomial coefficient of the n th term in a fuel cost function of the k th generator r Discount rate y E , y V Useful lifetime of ESSs and PVs in years, respectively p E , p V Price of ESSs and PVs, respectively C tar V Installation target of PVs P unit
Vi,t
Output of PV per unit in bus i at t P Di,t Electricity demand in bus i at t B i,j
Susceptance between buses i and j P max
Lij
Capacity of transmission line between buses i and j α NSi,t , α NUi,t Upper limits of power shortages and surpluses for 1 h in bus i at t A gc , a gc i,k
Generator connection matrix and its (i, j) th element, respectively P min Gk , P max
Gk
Minimum and maximum output of the k th generator, respectively ∆P Gk Maximum difference of the k th generator for 1 h 
